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Abstract
Using relativistic Hartree-Fock (RHF) approximation, we study the effect of Fock terms on the
nuclear properties not only around the saturation density, ρ0, but also at higher densities. In
particular, we investigate how the momentum dependence due to the exchange contribution affects
the nuclear symmetry energy and its slope parameter, using the Lorentz-covariant decomposition
of nucleon self-energies in an extended version of the RHF model, in which the exchange terms are
adjusted so as to reproduce the single-nucleon potential at ρ0. We find that the Fock contribution
suppresses the kinetic term of nuclear symmetry energy at the densities around and beyond ρ0.
It is noticeable that not only the isovector-vector (ρ) meson but also the isoscalar mesons (σ, ω)
and pion make significant influence on the potential term of nuclear symmetry energy through the
exchange diagrams. Furthermore, the exchange contribution prevents the slope parameter from
increasing monotonically at high densities.
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I. INTRODUCTION
The nuclear symmetry energy, Esym, which is defined as the difference between the ener-
gies of pure neutron and symmetric nuclear matter, is recognized to be an important physical
quantity in nuclear physics and astrophysics [1, 2]. It can account for many experimental
facts at low nuclear densities, especially the existence of neutron skin and the different dis-
tributions of neutrons and protons in a nucleus [3–7]. It also plays an important role to
explain the properties of isospin-asymmetric nuclear matter in the density region beyond
the saturation density, ρ0, experimentally realized by the heavy-ion collisions [8–14]. At the
same time, some astrophysical observations, for instance the mass-radius relations of neutron
stars and the cooling process of proto-neutron stars, strongly depend on Esym [15–18].
So far, many theoretical discussions on the properties of symmetric and asymmetric nu-
clear matter have been performed. The phenomenological calculations based on the effective
many-body interaction with the Skyrme or Gogny force have been adopted for a long time
to examine the structure of finite nuclei and infinite nuclear matter [19–21]. Recently, the
relativistic mean-field (RMF) models based on Quantum Hadrodynamics (QHD) have been
widely applied to study astrophysical phenomena as well as the properties of nuclear matter
at low densities [22–26]. Meanwhile, microscopic studies, for example the so-called Dirac-
Brueckner-Hartree-Fock (DBHF) approach [27–29] and chiral perturbation theory [30–32]
based on realistic NN interactions, have also succeeded in the description of nuclear satura-
tion features. However, depending on the models, different results of the high-dense behavior
of Esym have been reported so far, and, in particular, its density dependence beyond ρ0 is
undetermined yet [33].
Since the observations of massive neutron-stars and the hyperon puzzle in astrophysics
have provided valuable information on the equation of state (EoS) for neutron-star matter,
it helps us study Esym at high densities [34–36]. In addition, the recent tidal deformation
data induced by the gravitational wave from binary neutron star merger detected by LIGO
scientific and Virgo collaborations [37, 38] may be useful to make a constraint on the EoS.
Several models have been proposed recently, in which the astrophysical constraints as well
as the terrestrial experimental data in nuclear physics are satisfied simultaneously. Within
relativistic calculations, those models can be classified into two categories. One is calculated
in relativistic Hartree (RH) approximation with additional repulsive force using SU(3) flavor
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symmetry, or nonlinear terms with multi-meson couplings [39–48]. The other is based on
relativistic Hartree-Fock (RHF) approximation [49–57]. Since only the direct diagram is
considered in the RH model, the exchanging mesons take zero momentum transfer. In
contrast, the inclusion of Fock terms automatically allows us to explore the momentum
dependence at meson-nucleon vertices. In addition, the pion contribution can be taken into
account through the exchange diagram. However, it has not yet been investigated in detail
how the exchange terms affect the properties of dense matter. Especially, we should discuss
the effect of nucleon Fermi velocity on Esym because the momentum dependence largely
changes the Fermi velocity without varying the other properties of nuclear matter [58, 59].
Recent experimental analyses on the density dependence of Esym have been performed by
using the free Fermi Gas model, in which Esym can be separated into the kinetic and potential
terms as Esym(ρB) = E
kin
sym(ρB) +E
pot
sym(ρB), where ρB is the total baryon density [14, 60–63].
In this decomposition, Ekinsym is expressed in terms of only the degrees of freedom of nucleons,
and it is typically parametrized as Ekinsym(ρ0)(ρB/ρ0)
2/3, where Ekinsym(ρ0) is the symmetry-
energy value at ρ0. Meanwhile, E
pot
sym is simply given by the power-low function as (ρB/ρ0)
γ
with a parameter γ.
On the other hand, some theoretical calculations on Esym have been carried out in the
RHF model [64–67], and Esym is again often divided into E
kin
sym and E
pot
sym, which are expressed
in terms of the derivatives of the expectation valuables, 〈T 〉 and 〈V 〉, where the nuclear
matter Hamiltonian is given asH = T+V [68]. Since this decomposition does not correspond
to that in the experimental analyses, it may be misleading to compare the components, Ekinsym
and Epotsym, in the experimental results with the theoretical results calculated in Refs. [64–67].
In contrast, an alternative decomposition based on the Lorentz-covariant forms of nucleon
self-energies has been proposed in Refs. [69–71], and it is more consistent with the experi-
mental analyses. In the present paper, we adopt this decomposition to clarify the density
dependence of Esym and its slope parameter, L, and study the properties of dense matter in
detail within RHF approximation [72, 73]. The effect of Fock contributions, namely the mo-
mentum dependence of nucleon self-energies, is very important to understand the properties
of asymmetric nuclear matter, including Esym and L.
This paper is organized as follows. In Section II, a brief review for the RHF formalism
based on QHD is presented. The analytical derivation of Esym and L is then demonstrated.
Numerical results and discussions are addressed in Section III. We here study the nuclear
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matter properties from point of view of the Fock terms. In particular, we investigate the
momentum dependence of Esym and L at high densities, and compare our results with the
recent experimental data, focusing on the γ parameter in Epotsym. Finally, we give a summary
in Section IV.
II. THEORETICAL FORMALISM
A. Relativistic Hartree-Fock approach
For the description of uniform nuclear matter, we present the relativistic formulation
based on the QHD model in Hartree-Fock approximation. The total Lagrangian density is
written as [72, 73]
L =
∑
N=p,n
ψ¯N (iγµ∂
µ −MN)ψN + LM + Lint − UNL, (1)
where ψN is the nucleon (N) field with the mass in vacuum, MN = 939 MeV.
The meson term reads
LM = 1
2
(
∂µσ∂
µσ −m2σσ2
)
+
1
2
m2ωωµω
µ − 1
4
WµνW
µν
+
1
2
m2ρρµ · ρµ −
1
4
Rµν ·Rµν + 1
2
(
∂µpi · ∂µpi −m2pipi2
)
, (2)
with Wµν (Rµν) being the field strength tensor for ω (ρ) meson. The meson masses are
respectively chosen as mσ = 550 MeV, mω = 783 MeV, mρ = 770 MeV, and mpi = 138
MeV.
The interaction Lagrangian density is given by
Lint =
∑
N=p,n
ψ¯N
(
gσσ − gωγµωµ − gργµρµ · τN
+
fρ
2Mσµν∂
νρµ · τN − fpi
mpi
γ5γµ∂
µpi · τN
)
ψN , (3)
where τN is the isospin matrix for nucleon, and σµν =
i
2
[γµ, γν ]. The σ-, ω-, ρ-, and pi-N
coupling constants are respectively denoted by gσ, gω, gρ and fpi, while fρ is the tensor
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coupling constant for ρ meson. In the present calculation, the tensor coupling for ω meson
is neglected, since the ω-N tensor coupling constant is small [27, 73].
In order to obtain a quantitative description of the nuclear ground-state properties, the
following nonlinear potential for σ meson is, at least, required to consider [74]:
UNL =
1
3
g2σ
3 +
1
4
g3σ
4. (4)
Since, in RHF approximation, the precise treatment of nonlinear terms involves tremendous
difficulties [75, 76], we simply replace the σ field in Eq. (4) by its ground-state expectation
value, σ¯, in the present calculation [77, 78].
To sum up all orders of the tadpole (Hartree) and exchange (Fock) diagrams in the
nucleon Green’s function, GN , we consider the Dyson’s equation
GN(k) = G
0
N(k) +G
0
N(k)ΣN(k)GN(k), (5)
where kµ is the four momentum of nucleon, ΣN is the nucleon self-energy, and G
0
N is the
nucleon Green’s function in free space. The nucleon self-energy in matter can be written as
[72]
ΣN(k) = Σ
s
N(k)− γ0Σ0N(k) + (γ · kˆ)ΣvN(k), (6)
with kˆ being the unit vector along the (three) nucleon momentum, k. It can be divided
into the scalar (s), time (0), and space (v) components, which provide the effective nucleon
mass, momentum, and energy in matter [49–51]:
M∗N(k) = MN + Σ
s
N(k), (7)
k∗µN = (k
∗0
N ,k
∗
N) = (k
0 + Σ0N(k),k + kˆΣ
v
N(k)), (8)
E∗N(k) =
[
k∗2N +M
∗2
N (k)
]1/2
. (9)
In the mean-field approximation, the meson fields are replaced by their constant expectation
values: σ¯, ω¯, and ρ¯ (the ρ0 field). The pion field vanishes in RH approximation, but it can
be taken into account as the exchange contribution in RHF approximation. In the present
calculation, the retardation effect in Fock terms is ignored, since it gives at most a few
percent contribution to the nucleon self-energies [50, 53, 72]. All the components of nucleon
self-energies, Σs,0,vN , in Eq. (6) are then calculated by [49–51]
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ΣsN(k) = −gσσ¯ +
∑
N ′=p,n
∑
i=σ,ω,ρ,pi
(τiNN ′)
2
(4pi)2 k
∫ kFN′
0
dq q
[
M∗N ′(q)
E∗N ′(q)
Bi(k, q) +
q∗N ′
E∗N ′(q)
Di(q, k)
]
,
(10)
Σ0N(k) = −gωω¯ − gρ(τN)3ρ¯−
∑
N ′=p,n
∑
i=σ,ω,ρ,pi
(τiNN ′)
2
(4pi)2 k
∫ kFN′
0
dq qAi(k, q), (11)
ΣvN(k) =
∑
N ′=p,n
∑
i=σ,ω,ρ,pi
(τiNN ′)
2
(4pi)2 k
∫ kFN′
0
dq q
[
q∗N ′
E∗N ′(q)
Ci(k, q) +
M∗N ′(q)
E∗N ′(q)
Di(k, q)
]
, (12)
with k = |k| and q = |q|. The kFN is the Fermi momentum for nucleon N , and the factor,
τiNN ′ , is the isospin weight at meson-NN
′ vertex in the exchange diagrams. In addition,
the functions Ai, Bi, Ci, and Di are explicitly specified in Table I, in which the following
functions are used [50, 51]:
Θi(k, q) =
Λ8i
(m2i − Λ2i )4
(
ln
[
M+i (k, q)
M−i (k, q)
L−i (k, q)
L+i (k, q)
]
+
3∑
n=1
(
m2i − Λ2i
)n
Nni (k, q)
)
, (13)
Φi(k, q) =
1
4kq
[(
k2 + q2 +m2i
)
Θi(k, q)− Λ8iN3i (k, q)
]
, (14)
Ψi(k, q) =
(
k2 + q2 −m2i /2
)
Φi(k, q)− kqΘi(k, q) + Ωi(k, q), (15)
Πi(k, q) =
(
k2 + q2
)
Φi(k, q)− kqΘi(k, q) + Ωi(k, q), (16)
Γi(k, q) = [kΘi(k, q)− 2qΦi(k, q)] , (17)
where
Ωi(k, q) =
Λ8i
4kq
[
N2i (k, q) +
(
k2 + q2 + Λ2i
)
N3i (k, q)
]
, (18)
L±i (k, q) = Λ
2
i + (k ± q)2, (19)
M±i (k, q) = m
2
i + (k ± q)2, (20)
Nni (k, q) =
(−1)n
n
([
L+i (k, q)
]−n − [L−i (k, q)]−n) , (21)
with Λi being a cutoff parameter at interaction vertex specified by i, as shown in the 1st
column of Table I. In the present calculation, a dipole-type form factor is introduced at each
interaction vertex [49–51]:
Fi((k − q)2) =
[
Λ2i
Λ2i + (k − q)2
]2
. (22)
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TABLE I. Functions Ai, Bi, Ci, and Di. The index i is specified in the left column, where
V (T ) stands for the vector (tensor) coupling at meson-NN ′ vertex. The bottom row is for the
(pseudovector) pion contribution. The functions, Θi, Φi, Ψi, Πi, and Γi, are given in the text.
i Ai Bi Ci Di
σ g2σΘσ g
2
σΘσ −2g2σΦσ –
ω 2g2ωΘω −4g2ωΘω −4g2ωΦω –
ρV V 2g
2
ρΘρ −4g2ρΘρ −4g2ρΦρ –
ρTT −
(
fρ
2M
)2
m2ρΘρ −3
(
fρ
2M
)2
m2ρΘρ 4
(
fρ
2M
)2
Ψρ –
ρV T – – – 6
fρgρ
2M Γρ
pipv −f2piΘpi −f2piΘpi 2
(
fpi
mpi
)2
Πpi –
We here employ Λσ = 2.0 GeV, Λω = 1.5 GeV, Λρ = 1.3 GeV, and Λpi = 1.2 GeV [27], and
the effect of the form factor vanishes in the limit, Λi →∞.
As in the case of the RH model, the mean-field values of σ¯, ω¯, and ρ¯ in Eqs. (10) and
(11) are given by
σ¯ =
∑
N=p,n
gσ
m2σ
ρsN −
1
m2σ
(
g2σ¯
2 + g3σ¯
3
)
, (23)
ω¯ =
∑
N=p,n
gω
m2ω
ρN , (24)
ρ¯ =
∑
N=p,n
gρ
m2ρ
(τN)3ρN , (25)
where the scalar and nucleon densities are, respectively, written as
ρsN =
1
pi2
∫ kFN
0
dk k2
M∗N(k)
E∗N(k)
, (26)
ρN =
1
pi2
∫ kFN
0
dk k2 =
k3FN
3pi2
. (27)
Once the nucleon self-energies shown in Eqs. (10)–(12) are calculated, the total energy
density for uniform nuclear matter is determined by the energy-momentum tensor. It can
be given by a sum of the kinetic and potential terms of nucleon and the nonlinear term,
 = kinnucl + 
pot
nucl + NL, (28)
with
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kinnucl =
∑
N=p,n
1
pi2
∫ kFN
0
dk k2E∗N(k), (29)
potnucl = −
∑
N=p,n
1
2pi2
∫ kFN
0
dk k2
[
ΣsN(k)M
∗
N(k)
E∗N(k)
+ Σ0N(k) +
ΣvN(k)k
∗
N(k)
E∗N(k)
]
, (30)
NL = −1
2
(
1
3
g2σ¯
3 +
1
2
g3σ¯
4
)
. (31)
The pressure for uniform matter is then obtained from thermodynamics relation,
P = ρ2B
∂
∂ρB
(

ρB
)
. (32)
B. Symmetry energy and its slope parameter
Using the Hugenholtz–Van Hove theorem, the nuclear symmetry energy is generally de-
rived by [69, 70]
Esym = E
kin
sym + E
pot
sym, (33)
with E
kin(pot)
sym being the kinetic (potential) term for Esym. Using the nucleon self-energies,
the Ekinsym and E
pot
sym in RHF approximation are respectively given by
Ekinsym =
1
6
k∗F
E∗F
kF , (34)
Epotsym =
1
8
ρB
(
M∗N
E∗F
∂Σssym − ∂Σ0sym +
k∗F
E∗F
∂Σvsym
)
, (35)
with kF = kFp = kFn , E
∗
F =
√
k∗2F +M
∗2
N , and
∂Σs(0)[v]sym ≡
(
∂
∂ρp
− ∂
∂ρn
)(
Σs(0)[v]p − Σs(0)[v]n
)
. (36)
We here note that the definitions of the kinetic and potential terms shown in Eqs. (34) and
(35) are different from those given in Refs. [65–67]. Since the nucleon self-energies, Σs,0,vN ,
can be separated into the direct and exchange contributions, the direct one in Epotsym is exactly
the same as in RH approximation [6, 79]:
Epot,dirsym =
1
2
g2ρ
m2ρ
ρB. (37)
The slope parameter of nuclear symmetry energy, L, is also given by the kinetic and
potential terms,
L = Lkin + Lpot, (38)
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with
Lkin =
1
6
kF
[
k∗F
E∗F
+
kF
E∗F
(
M∗N
E∗F
)2
+
2k2F
pi2
kF
E∗F
M∗N
E∗F
(
M∗N
E∗F
∂ΣvN
∂ρB
− k
∗
F
E∗F
∂ΣsN
∂ρB
)]
, (39)
Lpot = 3Epotsym +
3
8
ρB
∂
∂ρB
(
M∗N
E∗F
∂Σssym − ∂Σ0sym +
k∗F
E∗F
∂Σvsym
)
. (40)
If we ignore the exchange contribution, that is, we take k∗F = kF , ∂Σ
s
N/∂ρB = ∂M
∗
N/∂ρB,
∂ΣvN/∂ρB = 0, and ∂
(
∂Σ
s(0)[v]
sym
)
/∂ρB = 0, L
kin and Lpot are then equivalent to those in RH
approximation. Thus, they are, respectively, written as [79]
Lkin,dir =
1
3
k2F√
k2F +M
∗2
N
[
1− k
2
F
2 (k2F +M
∗2
N )
(
1 +
2M∗NkF
pi2
∂M∗N
∂ρB
)]
, (41)
Lpot,dir =
3
2
g2ρ
m2ρ
ρB. (42)
III. NUMERICAL RESULTS AND DISCUSSIONS
A. Determination of coupling constants
In the RMF model, the coupling constants are phenomenologically determined so as to
reproduce the properties of infinite nuclear matter and finite nuclei [80, 81]. In the present
calculation, for simplicity, the coupling constants, gσ, gω, g2, and g3 in Eqs. (3) and (4), are
adjusted so as to fit the properties of symmetric nuclear matter at the saturation density,
ρ0 = 0.16 fm
−3, namely the saturation energy (−16.0 MeV), the incompressibility K0 (= 250
MeV), and the effective nucleon mass (M∗N/MN = 0.70). These coupling constants are given
in Table II, in which all the cases are calculated using RH or RHF approximation.
As for the ρ-N coupling constants, gρ and fρ, which are directly related to Esym, we
consider the following two ways: (1) as shown in the RH∗ and RHF∗ models of Table II,
we adopt the empirical values, g2ρ/4pi = 0.55 and fρ/gρ
∼= 6, which are suggested through
the vector-meson-dominance model based on current algebra [82–84], (2) the coupling gρ is
chosen so as to satisfy the currently estimated value of Esym at ρ0, namely Esym = 32.5 MeV,
and the relation fρ/gρ ∼= 6 is used in RHF approximation. The models with this choice are
denoted by RH and RHF (without asterisk) in Table II.
In addition, the pseudovector pi-N coupling constant is fixed as f 2pi/4pi = 0.08, derived
from the low-energy piN scattering data [85].
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TABLE II. Coupling constants in various RMF calculations. The coupling constant, gρ, in the
model without asterisk is adjusted so as to fit the observed data, Esym(ρ0) = 32.5 MeV, while that in
the model with asterisk is taken to be g2ρ/4pi = 0.55. In the bottom two rows, the coupling constants,
gM , appearing in the exchange terms are modified by the ratio, wM , namely gM → g˜M = wMgM ,
where M = σ, ω, ρ (see the text, for detail). The coupling constants, fρ, and fpi, take the empirical
values, fρ/g˜ρ = 6.0, and f
2
pi/4pi = 0.08.
Model gσ gω gρ wσ wω wρ g2 (fm
−1) g3
RH∗ 9.52 10.36 2.63 – – – 18.11 −34.69
RH 9.52 10.36 3.95 – – – 18.11 −34.69
RHF∗ 6.57 9.55 2.63 1.00 1.00 1.00 8.92 −38.17
RHF 8.82 9.08 0.82 1.00 1.00 1.00 18.26 −24.54
ERHF(low) 8.07 8.79 2.63 1.00 1.27 0.40 19.90 −31.48
ERHF(high) 5.56 6.06 2.63 2.00 2.88 0.60 39.09 83.74
Furthermore, we here consider an extended version of the RHF model (denoted by ERHF
in Table II). In the ERHF model, we replace the coupling constants, gσ, gω and gρ, in
the exchange terms with new ones, g˜σ, g˜ω and g˜ρ, and the couplings in the direct terms
remain unchanged (see Table II). The purpose of this extension is to examine how the
momentum dependence of nucleon self-energies contributes to various physical quantities
through varying the strength of Fock terms [86–88]. In this version, as in the RHF model,
the coupling constants, gσ, gω, g2, and g3, are determined so as to fit the nuclear saturation
properties, adopting the empirical values, g2ρ/4pi = 0.55, fρ/g˜ρ = 6.0, and f
2
pi/4pi = 0.08.
The new coupling constants in the exchange terms, g˜σ, g˜ω, and g˜ρ, are then determined by
simulating the empirical value of Esym at ρ0. In Table II, we provide two parameter sets
for the ERHF model, namely ERHF low (high), which can well reproduce the experimental
data of single-nucleon potential at relatively low (high) kinetic energies. This issue will be
discussed in detail later.
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B. Nucleon self-energy and Schro¨dinger-equivalent potential
In order to clarify the effect of Fock terms on the nuclear-matter properties, it is of
importance to study the momentum dependence of nucleon self-energies, and the ERHF
model may be one way to see it.
The Dirac optical model [89, 90] is useful to investigate the momentum dependence.
Although there are a lot of nonrelativistic single-nucleon potentials, in the present calcula-
tion, we consider the so-called Schro¨dinger-equivalent potential (SEP) based on the Dirac
equation with Lorentz-covariant scalar and vector self-energies for nucleon [91]:
USEPN (k, k) = Σ
s
N(k)−
EN(k)
MN
Σ0N(k) +
1
2MN
(
[ΣsN(k)]
2 − [Σ0N(k)]2) , (43)
where the nucleon kinetic energy, k, reads k = EN −MN with EN being the single-particle
energy. With the nucleon self-energies shown in Eqs. (10)–(12), the single-particle energy is
given by a solution of the transcendental equation,
EN(k) =
[
E∗N(k)− Σ0N(k)
]
k0=EN (k)
. (44)
The momentum dependence of nucleon self-energies, Σs,0,vN , in symmetric nuclear matter
at ρ0 is shown in Figs. 1. We present the results of the RH, RHF, and ERHF models, which
satisfy the saturation conditions and Esym at ρ0. Because the direct contribution of Σ
s,0,v
N
directly couples to the mean-field values of the σ, ω, and ρ mesons, all the components
retain the constant values at any momentum in the RH model. It is found that the ΣvN does
not show any impact in symmetric nuclear matter within Hartree approximation, and that,
even in RHF approximation, it is very small. In contrast, the momentum dependence due to
the exchange contribution is clearly demonstrated in the RHF and ERHF models. Thus, it
is expected that the self-energies, ΣsN and Σ
0
N , contribute dominantly to the single-nucleon
potential at ρ0.
The energy dependence of single-nucleon potential (or nucleon optical potential), USEPN ,
is depicted in Fig. 2. We also show the results of the RH, RHF and ERHF models. In
the ERHF low (high) model, the coupling constants, g˜σ, g˜ω, and g˜ρ, are adjusted so as to
cover the scattering data for k < (>) 300 MeV. As Σ
s
N and Σ
0
N are constant and U
SEP
N is
proportional to k in the RH model, it is difficult to reproduce the scattering data widely
in RH approximation. Meanwhile, due to the momentum dependence which is intrinsically
12
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FIG. 1. Momentum dependence of nucleon self-energies in symmetric nuclear matter at ρ0. The
top (middle) [bottom] panel is for the time (space) [scalar] component, Σ
0(v)[s]
N .
possessed in Σs,0,vN through Fock terms, U
SEP
N depends on k non-linearly in the RHF and
ERHF models. Moreover, it is found that, in the ERHF(high) model, the enhanced exchange
contribution makes it possible to well reproduce the scattering data at high k. We note that
USEPN strongly depends on the effective nucleon mass [92], which is fixed as M
∗
N/MN = 0.70
at ρ0 in the present calculation.
The contents of nucleon self-energies, Σs,0,vN , in symmetric nuclear matter at ρ0 are pre-
sented in Table III. In the RH model, an attractive (repulsive) force comes from only the
13
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FIG. 2. Energy dependence of single-nucleon potential, USEPN , in symmetric nuclear matter at ρ0.
The shaded band shows the result of the nucleon-optical-model potential extracted from analyzing
the nucleon-nucleus scattering data [89], denoted by X.-H. Li et al. The results of the Schro¨dinger-
equivalent potential obtained by the Dirac phenomenology for elastic proton-nucleus scattering
data calculated by Hama et al. [90] are also included.
TABLE III. Contents of nucleon self-energies, Σs,0,vN , in symmetric nuclear matter at ρ0. The
values are in MeV.
RH RHF ERHF(low) ERHF(high)
ΣsN −Σ0N ΣvN ΣsN −Σ0N ΣvN ΣsN −Σ0N ΣvN ΣsN −Σ0N ΣvN
Direct σ −282 0 0 −240 0 0 −201 0 0 −83 0 0
ω 0 215 0 0 165 0 0 155 0 0 74 0
Exchange σ – – – 26 27 −1 22 23 −1 41 109 −2
ω – – – −57 30 −1 −86 45 −1 −209 21 −3
pi – – – −4 −4 −3 −4 −4 −3 −4 −4 −3
ρV V – – – −1 1 0 −2 1 0 −5 3 0
ρTT – – – −6 −2 0 −10 −4 0 −23 −8 −1
ρV T – – – 0 0 2 1 0 2 1 0 6
Total −282 215 0 −282 216 −4 −282 216 −3 −282 216 −3
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FIG. 3. Nucleon self-energies, Σs,0,vN , in symmetric nuclear matter as a function of ρB. The Σ
s,0,v
N
are given at the Fermi surface, kF . The DBHF results by Brockmann and Machleidt (BM) [27]
and Katayama and Saito (TUS) [28] are also presented.
direct contribution due to the σ (ω) meson exchange through ΣsN (−Σ0N). On the other
hand, in RHF approximation, all the components of ΣN are affected by the exchange contri-
bution. As for the exchange contribution in the RHF and ERHF models, the σ (ω) meson
gives a repulsive (attractive) force in the scalar component, while both σ and ω mesons
work as a repulsive force in the time component. Although the pion also influences all the
components through the exchange diagram, its contribution is small. Moreover, even in
symmetric nuclear matter, the ρ meson contributes to ΣN through Fock terms, where the
contribution due to tensor-tensor (TT ) mixing is relatively large comparing with those due
to vector-vector (V V ) and vector-tensor (V T ) mixing. We note that ΣvN is very small at ρ0.
In Figs. 3 and 4, the nucleon self-energies, Σs,0,vN , and the single-nucleon potential, U
SEP
N ,
in symmetric nuclear matter are respectively presented as a function of ρB. In the present
calculation, the model dependence of Σs,0,vN and U
SEP
N is very weak at densities below ρ0, while
the Fock terms play important roles in both Σs,0,vN and U
SEP
N at high densities. It is also
interesting to compare the density dependence of Σs,0,vN with the Dirac-Brueckner-Hartree-
Fock (DBHF) calculation. The self-energies, ΣsN and −Σ0N , in RH approximation, are very
similar to those in the DBHF result by the TUS group [28], whereas, with increasing ρB, Σ
s
N
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FIG. 4. Single-nucleon potential, USEPN , at kF in symmetric nuclear matter as a function of ρB.
and −Σ0N in the ERHF(high) model become close to the results calculated by Brockmann
and Machleidt [27]. In Fig. 4, although any Fock effect on USEPN is little seen up to 2ρ0, the
exchange terms give a large contribution to USEPN at high densities.
C. Effective nucleon mass and nuclear equation of state
The density dependence of the effective nucleon mass in symmetric nuclear matter is
displayed in Fig. 5. We show two types of the effective nucleon mass: one is the relativistic
mass in matter, M∗N , defined in Eq. (7), and the other is the effective mass in a nonrelativistic
framework, M∗L, which is the so-called Landau mass [58, 93]. Compared with the Landau
mass, the relativistic one decreases rapidly as the density increases. We can see that both
masses in the RH model are smaller than those in the other models at the densities above
ρ0. It is also found that the exchange contribution suppresses their sharp reduction at high
densities.
In Fig. 6, the nuclear binding energy per nucleon, EB, for symmetric nuclear or pure
neutron matter is presented. For symmetric nuclear matter, our results are close to the
recent calculation based on chiral effective field theory (χEFT) in the density region below
0.4 fm−3 [94]. We see that the Fock contribution diminishes EB at high densities. In
contrast, for pure neutron matter, the effect of Fock terms is not small even at low densities.
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FIG. 6. Nuclear binding energy per nucleon, EB, for symmetric nuclear or pure neutron matter as
a function of ρB. For comparison, the results based on χEFT with N
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three-nucleon forces [94] and the QuMoCa method [95] are also presented.
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TABLE IV. Properties of symmetric nuclear matter at ρ0. The incompressibility and effective
nucleon mass are respectively fixed as K0 = 250 MeV and M
∗
N/MN = 0.70. The nuclear symmetry
energy in the models without asterisk is also fitted so as to reproduce the empirical data, Esym(ρ0) =
32.5 MeV. The physical quantities are explained for details in the text.
M∗L/MN J0 Esym L Ksym Kasy Ksat,2
Model (MeV) (MeV) (MeV) (MeV) (MeV) (MeV)
RH∗ 0.754 −361 23.5 67.0 32.0 −370 −273
RH 0.754 −361 32.5 94.1 32.0 −533 −397
RHF∗ 0.733 −368 46.3 123.6 −41.0 −783 −601
RHF 0.763 −353 32.5 81.1 −17.5 −504 −390
ERHF(low) 0.762 −350 32.5 94.6 42.2 −526 −393
ERHF(high) 0.762 −417 32.5 113.5 116.6 −564 −375
Moreover, the present results tend to be larger than those calculated by χEFT and Quantum
Monte Carlo (QuMoCa) method at high densities [95]. It is found that, as seen in the
ERHF(high) model, the Fock terms enhances the difference between EB for symmetric
nuclear and pure neutron matter, which implies that a large exchange contribution enlarges
Esym at the densities above ρ0.
In Fig. 7, we illustrate pressure for symmetric nuclear or pure neutron matter in com-
parison with the experimental constraints from heavy-ion flow data [10, 11]. In both cases,
pressure in the RH model exceeds the constraints at high densities, while those in the RHF
and ERHF models are consistent with the analysis of heavy-ion collision data. It is found
that the exchange contribution softens pressure at high densities.
D. Symmetry energy and its slope parameter
The properties of symmetric nuclear matter at ρ0 is presented in Table IV. The Landau
mass of nucleon and the third-order incompressibility are denoted byM∗L and J0, respectively.
The nuclear symmetry energy, Esym, around ρ0 is approximately expressed as a power series
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FIG. 7. Pressure for symmetric nuclear or pure neutron matter, P , as a function of the density
ratio, ρB/ρ0. The upper (lower) panel is for the case of symmetric nuclear (pure neutron) mat-
ter. The experimental constraints on the nuclear equation of state from heavy-ion flow data are
presented [10, 11]. For pure neutron matter, the flow data is estimated with stiff or soft density
dependence.
19
-60
-40
-20
0
20
40
60
80
RH* RH RHF* RHF ERHF(low)ERHF(high)
E s
ym
(M
eV
)
total
kin.
pot. scalar (ex.)
pot. time (ex.)
pot. time (dir.)
pot. space (ex.)
FIG. 8. Components of Esym at ρ0. See the text for details.
of the isospin-asymmetry parameter, δ = (ρn − ρp) /ρB [6, 96]:
Esym(ρB) =
1
2!
∂2EB(ρB, δ)
∂δ2
∣∣∣∣
δ=0
' Esym(ρ0) + L(ρ0)
(
ρB − ρ0
3ρ0
)
+
Ksym(ρ0)
2!
(
ρB − ρ0
3ρ0
)2
, (45)
with
L(ρ0) = 3ρ0
dEsym(ρB)
dρB
∣∣∣∣
ρB=ρ0
, (46)
Ksym(ρ0) = 9ρ
2
0
d2Esym(ρB)
dρ2B
∣∣∣∣
ρB=ρ0
, (47)
where L and Ksym are respectively the slope and curvature parameters. In addition, using
this parabolic approximation, the 2nd derivative of the isobaric incompressibility coefficient
is given by Ksat,2 = Kasy − J0K0L with the parameter Kasy = Ksym − 6L. Although Ksat,2 is
model dependent [79, 97], we see that the present calculations in the RH, RHF and ERHF
models provide Ksat,2 = −390± 15 MeV, which is consistent with the empirical constraints,
Ksat,2 = −370± 120 MeV [96]. This fact may imply that Ksat,2 is not much affected by the
exchange contribution around ρ0.
In Fig. 8, we present the detail of nuclear symmetry energy, Esym, at ρ0. As shown in
Eq. (33), Esym can be separated into the kinetic and potential terms, E
kin
sym and E
pot
sym. In
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FIG. 9. Components of L at ρ0. See the text for details.
addition, Epotsym is divided into the scalar, time and space components, based on the Lorentz
structure of nucleon self-energies. The direct contribution in the potential term, Epot,dirsym ,
only comes from the time component via the ρ meson shown in Eq. (37).
It is found that Ekinsym is approximately 16 MeV in all the models because it is primarily
determined by the M∗N and k
∗
FN
at ρ0. In the RH
∗ model, because of the inadequate con-
tribution of Epotsym (= E
pot,dir
sym ), Esym cannot reach the experimental value, as already shown
in Table IV. In contrast, in the RHF∗ model, Esym is overestimated since the exchange con-
tribution due to the time component enlarges Epotsym considerably. On the other hand, in the
RH, RHF and ERHF models, Esym is fitted to be the empirical value, 32.5 MeV, by changing
the ρ-N coupling constant or by enhancing the exchange contributions with the new cou-
pling constants, wM . As a result, the E
pot,dir
sym in the RH model is larger than that in the RH
∗
model, while that in the RHF model becomes quite small. In the ERHF models, because
we use the empirical value, g2ρ/4pi = 0.55, the direct contribution is constant, E
pot,dir
sym = 7.2
MeV, in both low and high cases. Therefore, the exchange contribution in the potential
term, Epot,exsym , is totally estimated to be around 9.3 MeV, which is mainly composed by a
cancellation of large positive and negative values due to the time and scalar components,
respectively. The space component is negligible at ρ0.
The slope parameter of nuclear symmetry energy, L, at ρ0 is shown in Fig. 9. As in the
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case of Esym, L is decomposed into the kinetic and potential terms, L
kin and Lpot, and Lpot is
again constructed by the three Lorentz components. We find that Lkin shows 42–46 MeV in
all the cases. In Lpot, although the direct term plays an important role in the RH and RH∗
models, the exchange contributions due to the scalar and time components dominate in the
RHF and RHF∗ models. In the ERHF models, Lpot itself is increased by the enhanced Fock
contribution even when Esym is kept to be the appropriate value at ρ0, and, as a consequence,
L is slightly far from the current global average based on the analyses of terrestrial nuclear
experiments and astrophysical observations [98].
The density dependence of nuclear symmetry energy, Esym, together with its kinetic and
potential terms is presented in Fig. 10 (see Eq. (33)). The present results of Esym are
consistent with the constraints from heavy-ion collisions (HIC) and experiments of electric
dipole polarizability (EDP) in 208Pb [33, 99]. At the same time, in the RH, RHF, and
ERHF(low) models, our results lie in the region of the isospin-dependent Boltzmann-Uehling-
Uhlenbeck (IBUU04) transport calculation [12, 100]. In the ERHF(high) model, Esym is
larger than the IBUU04 result at densities above ρ0.
The kinetic term of nuclear symmetry energy, Ekinsym, is shown in the middle panel of
Fig. 10. We also show a line for the free kinetic term, in which the interactions are ignored,
i.e. Ekin,freesym =
1
6
k2F√
k2F+M
2
N
. Owing to the relativistic many-body interactions, Ekinsym is larger
than Ekin,freesym even at low densities (see Eq. (34)). Because the in-medium nucleon mass
decreases most rapidly in the RH model, Ekinsym in RH approximation is larger than those in
the other models. In the RHF and ERHF models, the Fock terms suppress Ekinsym at densities
above ρ0. As seen in the figure, at high densities, the larger the exchange contribution is,
the smaller Ekinsym is.
As already explained in Fig. 8, the potential term of nuclear symmetry energy, Epotsym,
can be divided into the direct and exchange parts: Epotsym = E
pot,dir
sym + E
pot,ex
sym . The direct
part, Epot,dirsym , is derived from the time component of the nucleon self-energy, and depends
only upon the ρ-N coupling constant. In the bottom panel of Fig. 10, we present Epot,dirsym
as well as Epotsym. In the RH model, E
pot
sym is proportional to ρB, while E
pot
sym does not increase
linearly if the Fock contribution is taken into account. In the RHF model, Epotsym is mainly
generated by Epot,exsym , because gρ is small and hence E
pot,dir
sym too. The present result of E
pot
sym
in RHF approximation is consistent with the constraint from analysis of heavy-ion collision
data using the improved Quantum Molecular Dynamics (ImQMD) transport model [14].
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FIG. 10. Nuclear symmetry energy as a function of ρB. The top panel is for the total nuclear
symmetry energy, Esym. The constraints from heavy-ion collisions (HIC) and experiments of electric
dipole polarizability (EDP) in 208Pb are presented as well [33, 99]. The result calculated by
the isospin-dependent Boltzmann-Uehling-Uhlenbeck (IBUU04) transport model is also depicted
using Esym = 31.6 (ρB/ρ0)
x with x =0.69–1.05 [12, 100]. The middle (bottom) panel is for the
kinetic (potential) term of Esym. In the middle panel, “free” denotes E
kin
sym in the case where the
interactions are switched off. The result based on the improved quantum molecular dynamics
(ImQMD) transport model is also shown including 2σ confidence region in the bottom panel [14].
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The energy difference between the low and high cases in the ERHF models is caused by the
magnitude of Epot,exsym , since E
pot,dir
sym is identical in both cases. Thus, it implies that the large
exchange contribution enhances Epotsym at high densities.
In Fig. 11, we present the components of Epot,exsym based on the Lorentz-covariant decom-
position of ΣN . As in Fig. 1, E
pot,ex
sym around ρ0 is mainly determined by a sum of the scalar
and time components. With growing the density, the contribution due to the time and space
components becomes large, while the effect of the scalar component turns to be relatively
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FIG. 12. Density dependence of the meson contributions to the Lorentz-covariant components in
Epot,exsym . This calculation is performed in RHF approximation.
small. As seen in Eq. (35), this is because the effective nucleon mass becomes considerably
small and the effective momentum of nucleon increases at high densities. It is also interest-
ing to note that, although the space component is quite small at low densities and is often
ignored in the DBHF calculation [27], it may be no longer negligible when we consider Esym
at high densities [28, 29].
In addition, in Fig. 12, we show how the mesons (M = σ, ω, ρ, pi) contribute to Epot,exsym in
the RHF model. In RH approximation, Epotsym (= E
pot,dir
sym ) is affected only by the ρ meson. In
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TABLE V. Fitting of Esym using the free Fermi-gas-model formula. The kinetic and potential
values at ρ0, E
kin
sym(ρ0) and E
pot
sym(ρ0), are calculated by each model, and they are in MeV. For the
sake of comparison, we show the constraints from (1) heavy-ion collision data using the ImQMD
transport model [14], (2) FOPI/LAND and ASY-EOS experiments using the the ultrarelativistic
QMD model [8, 9], and (3) astrophysical observations of neutron stars (NS-EOS) [101]. The result
of the correlated Fermi gas (CFG) model is also presented [62].
Ekinsym(ρ0) E
pot
sym(ρ0) γ
RH 16.3 16.2 1.00
RHF 16.1 16.4 0.74
ERHF(low) 16.1 16.4 1.09
ERHF(high) 16.1 16.4 1.45
(1) ImQMD [14] 12.5 17.6 0.7+0.35−0.3
(2) FOPI/LAND [8] 12 22 0.9±0.4
ASY-EOS [9] 12 22 0.72±0.19
(3) NS-EOS [101] 17 12–18 0.26
CFG [62] −10± 3 41 0.25
contrast, in the RHF model, not only ρ meson but also σ, ω, and pi mesons influence Epot,exsym .
It is thus of great interest that the σ and ω mesons play an important role in Epot,exsym . On
the other hand, the contribution due to the ρ and pi mesons is extremely small even at high
densities. We note that this tendency can be seen in the ERHF models as well.
In order to compare the present calculation with the phenomenological analyses on Esym,
we here introduce the free Fermi-gas-model formula to describe the density dependence of
Esym:
Esym(ρB) ' Ekinsym(ρ0) (ρB/ρ0)2/3 + Epotsym(ρ0) (ρB/ρ0)γ , (48)
which has been often used in the analyses in Refs [60, 61]. Using this function, in Table V,
we provide the γ parameter in Esym, which is chosen so as to reproduce the result of each
model. For reference, several experimental analyses are also shown in the table.
We can see that the values of γ in the present models lie within 0.74 – 1.45, and they
are consistent with those from heavy-ion collision data in the ImQMD transport model [14]
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the slope parameter, and the middle (bottom) one is for the kinetic (potential) term, Lkin(Lpot).
and the ultrarelativistic QMD model [8, 9]. However, the present values are much larger
than the results obtained from the neutron-star analysis (NS-EOS) [101] and the Fermi gas
model with the short-range correlations induced by the tensor force (CFG) [62]. According
to the recent calculations in RH approximation [63], the γ parameter becomes smaller than
unity if the nonlinear terms, σ¯ρ¯2, ω¯2ρ¯2, etc., as well as σ¯3 and σ¯4 are considered. It may
imply that higher-order terms of meson self-interactions at the Hartree level can imitate the
effect of Fock terms.
The density dependence of slope parameter, L, together with its kinetic and potential
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terms is presented in Fig. 13. In the RH model, Lkin reaches a local maximum value around
0.45 fm−3, then decreases for a while, and gradually grows like kF/6 in the limit of ρB →∞
(M∗N → 0) (see Eq. (41)). In contrast, Lpot is proportional to ρB at high densities. As a
consequence, L keeps on increasing monotonically in the RH model.
On the other hand, in the RHF and ERHF models, since both Lkin and Lpot increase
and reach plateaus, respectively, with increasing ρB, L is saturated at 3 – 4ρ0. Because,
as shown in Fig. 10, Epot,dirsym is considerably small in the RHF model, the Hartree term due
to the ρ meson has little influence on Lpot even at high densities. Therefore, at very high
densities, L in the RHF model becomes smaller than that in the RH model. We note that,
because the Fock contribution is enhanced as shown in III B, L in the ERHF(high) model
is larger than those in the other models below ρB = 0.6 fm
−3.
IV. SUMMARY
We have studied the effect of Fock terms on the properties of nuclear matter in a relativis-
tic framework. In particular, by taking into account the Lorentz-covariant decomposition of
nucleon self-energies, we have discussed how the exchange contribution affects the nuclear
symmetry energy, Esym, and its slope parameter, L, up to 4ρ0. In the present calculation,
the relativistic Hartree (RH) and Hartree-Fock (RHF) models based on QHD have been
employed to reveal the role of Fock contributions. Furthermore, we have extended the RHF
model to a new one, in which the Fock diagram is treated independently of the Hartree one,
to investigate the relationship between the momentum dependence of nucleon self-energies
and the properties of asymmetric nuclear matter. We call it the ERHF model.
Using the Hugenholtz–Van Hove theorem, we have shown the analytical formula of Esym,
which are divided into the kinetic and potential terms, Ekinsym and E
pot
sym. In addition, we have
studied Epotsym in detail by separating it into the direct and exchange contributions, E
pot,ex
sym
and Epot,dirsym . Then, as in the case of nucleon self-energies, E
pot,ex
sym consists of the scalar, time
and space components based on the Lorentz-covariant decomposition. Moreover, we have
calculated L, which is also separated into the kinetic and potential terms as L = Lkin +Lpot.
We here summarize our results as follows:
1. We have demonstrated the momentum dependence of nucleon self-energies. The scalar
and time components mainly compose nucleon self-energies, while the space component
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is negligibly small around ρ0. Furthermore, we have studied the single-nucleon poten-
tial using the Dirac phenomenology. Because of the momentum dependence through
the nucleon self-energies, in the ERHF model, it is possible to reproduce the exper-
imental scattering data without introducing any density-dependent couplings which
are generally required in the RMF models [93] (see Figs. 1 and 2).
2. As for the properties of dense nuclear matter, we have calculated the effective nucleon
mass, nuclear binding energy and pressure. It has been found that Fock terms suppress
the rapid reduction of effective nucleon mass at densities beyond ρ0. It is noticeable
that the exchange contribution makes pressure soft at high densities in both cases of
symmetric nuclear and pure neutron matter (see Figs. 5–7).
3. In the RH, RHF and ERHF models, if Esym is chosen to be the empirical value at ρ0,
namely Esym = 32.5 MeV, E
kin
sym and E
pot
sym are about 16 and 16.5 MeV, respectively.
Furthermore, the exchange contribution dominates in Epotsym, and E
pot,ex
sym is estimated
to be 15.7 (9.3) MeV in the RHF (ERHF) model. Concerning L at ρ0, L
kin is 42 – 46
MeV in all the models. The exchange contribution suppresses Lpot in the RHF model,
while, in the ERHF model, the enhanced Fock contribution makes Lpot larger than
that in the RH model (see Figs 8 and 9).
4. Even in the density region above ρ0, we have found that, in general, Fock terms
suppress Ekinsym. In the RHF model, E
pot
sym is pushed downward by the Fock contribution
and, thus, Esym is smaller than that in the RH model. On the other hand, in the ERHF
model, Epotsym and Esym become larger than those in the RH model, which is caused by
the enhanced exchange contribution. Although the properties of asymmetric nuclear
matter are often described by introducing only the ρ meson in the RH models, the σ,
ω, and pi mesons as well as ρ meson have considerable influence on Esym through Fock
terms. In particular, in RHF approximation, the ρ meson contribution to Epot,dirsym is
smaller than that in RH approximation, and the exchange terms due to the σ and ω
mesons contribute to Epot,exsym considerably. As a consequence, E
pot
sym in the RHF model
becomes consistent with the constraint from heavy-ion collision data with the ImQMD
transport model [14]. Furthermore, since, with increasing the density, both Lkin and
Lpot are suppressed by the exchange contribution, L reaches a constant value at 3 –
4ρ0 in the RHF and ERHF models (see Figs 10, 12, and 13).
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Finally, we comment on future works. In the present study, we do not consider the short-
range nucleon-nucleon correlations (SRC) in matter, which may contribute to Esym and L.
It has been reported that the SRC due to the tensor force between a neutron-proton pair
significantly increases the high momentum tail in symmetric nuclear matter, and Ekinsym then
decreases even at ρ0 [62, 102, 103]. Thus, it may be important to consider the effect of high
momentum component of nucleon induced by the SRC [27–29].
In the present calculation, nucleons are treated as point-like objects, and we do not
pay any attention to the effect of quark degrees of freedom inside a nucleon. In fact, the
evidence for the medium modification of nucleon structure in a nucleus has been observed
in polarization transfer measurements in the quasi-elastic (e, e′p) reaction at the Thomas
Jefferson Laboratory [104]. Furthermore, the recent lattice simulation has also suggested the
nucleon structure change in medium [105]. These results support the prediction of the quark-
meson coupling (QMC) model [106–109]. We also note that, in Refs. [110] and [111], the
importance of non-local interactions in nuclear force has been discussed recently. Therefore,
it is also interesting to study how quarks in a nucleon affects the matter properties including
Esym and L [112, 113].
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